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An example of the practical relevance of the present exercise is the assessment of the
macroeconomic gains from immigration accruing to the resident population, the
so-called immigration surplus, and the associated redistributive effects.’

The Cobb-Douglas production function

We assume the following textbook Cobb—Douglas production function:
y = kxZxi™@ (k>00<a<1) (1)

where y is total output, k is a constant, and x1, x2 are the inputs of factors of production
1 and 2 (e.g. labour and capital). The coefficient a is the output elasticity with respect
to factor 1, and likewise (1-a) is the output elasticity with respect to factor 2. Since
a+(1-a)=1, the production function in equation (1) implies constant returns to scale.

We further assume that the supplies of factors of production 1 and 2 are inelastic with
respect to price. A clearing market for factor 1 implies equality between its price and
its marginal productivity:
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From equations (1) and (2) it follows that:

pL=1 (22)

Note that the income accruing to factor of production 1 equals a fraction a of output y:
X1 = ay (2b)
Analogously, for factor of production 2 we obtain:
X202 = (1 —a)y (2¢)

Thus, the factor payments correspond to their respective shares in output, implying
that total factor payments exhaust total revenue.
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Derivation of the elasticities
The factor supply elasticity of factor price, ¢j, is defined as:
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Here, pi denotes the price of factor i, and x; denotes the input of factor j.

For small changes, the numerator can be approximated as:
d(logp;) = pii' dp;

Similarly, the denominator can be approximated as:
a(long) ~ xil ox;

Substituting these expressions for factor of production 1 yields:
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Differentiating equation (2) with respect to x7 yields:
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Substitution of equations (7) and (2a) reduces equation (6) to:
grra—1

Analogously, we obtain for factor of production 2:

822 =~ —a
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Thus, given a Cobb—Douglas production function, the own-factor supply elasticity of
factor price is constant and equals the corresponding output elasticity minus one. If

factor of production 1 is assumed to be labour, the elasticity &4 is required in

estimating the immigration surplus.

Applying a similar procedure, the cross-elasticities are:
812 = 1 —

1 =

(10)
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Elasticity £, is required for estimating the redistributive effects associated with the

immigration surplus.



